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Abstract
In this small comment mathematical formulations concerning the
nonlinear beam model published in [1] are analyzed. The beam is sub-
jected to vertical and axial loading (at its right end). This nonlinear
model can be used to study post-buckling problems. Unfortunately,
some inconsistency between pure bending and pure buckling problems
was discovered by the authors of this comment. This is concerned
with definition of an integral constant, which is not in [1] strictly de-
termined. In this comment there is proposed the adjustment of of this
constant which should solve the mentioned troubles.
The Gao beam equation was firstly introduced in [1]. This model uses
the following assumptions
• the Euler–Bernoulli hypothesis holds, i.e. plane cross sections perpen-
dicular to the beam axis before bending remain plane and perpendicular
after deformation, shear deformations are ignored,
• the material of the beam is isotropic, i.e. the Young’s modulus E is a
constant,
• the beam has a uniform cross-section of a rectangular shape.
The beam is subjected to a vertical distributed load q(x) and a horizontal
constant axial load P at the end x = L which is positive in the negative
x-direction (and vice versa). The functional of potential energy of this beam
was written in [1] according to plane stress theory as
1
Π(u, w) =
1
2
∫
Ω
(σxǫx + σyǫy)dxdy −
∫ L
0
qwdx + P u(L), (1)
where (
σx
σy
)
=
E
1− ν2
(
1 ν
ν 1
)(
ǫx
ǫy
)
, (2)
ǫx = u
′
− yw′′ +
1
2
(w′)2, ǫy =
1
2
(w′)2 (3)
and Ω = [0, L]× [−h, h]. Here w(x) denotes the transverse displacement and
u(x) the horizontal displacement of the middle axis y = 0. As the cross-
section of the beam is assumed to be constant and rectangular, area moment
of inertia I has the form
I =
2
3
bh3, (4)
where b is width of the beam and h is its half-thickness, then by using varia-
tional methods we can obtain system of two nonlinear equations for station-
ary point of functional Π(u, w):
u′′ + (1 + ν)w′w′′ = 0, (5)
EIw′′′′ − 2hbE
[
(1 + ν) (2(w′)2 + u′)w′′ + νw′u′′
]
= f, (6)
where f(x) = (1 − ν2)q(x) and ν > 0 denotes the Poisson ratio. There is
a little difference in expression of I compared to paper [1], where the author
used the expression I = 2
3
h3 as the width b in [1] was considered to be
unit. In this paper the symbol b is used due to physical units consistency
and appears therefore also in (6).
Integrating (5), we have
u′ = −
1
2
(1 + ν)(w′)2 + C, (7)
where C is an integral constant. Substituting (7) together with (5) in (6) we
obtain
EIw′′′′ − 3hbE (1 − ν2)(w′)2w′′ − 2hbE (1 + ν)Cw′′ = f. (8)
The approach in [1] was based on setting of the integral constant C in
the form
C = −
λ
2hb(1 + ν)
. (9)
Consequently, in [2] the constant λ was more specified as
λ = (1 + ν)(1− ν2)
P
E
. (10)
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Hence the final beam equation reads as follows
EIw′′′′ − Eα(w′)2w′′ + (1 + ν)(1 − ν2)P w′′ = f, (11)
where α = 3hb(1 − ν2) and f = (1− ν2)q.
Now we can compare the Gao beam model with the classical Euler-
Bernoulli beam (abbrev. as EB beam):
EIw′′′′ + P w′′ = q. (12)
Hereafter let E and I be the same for both beams.
We can take into account two situations. Firstly we consider the pure
bending problem, i.e. P = 0, and let q be the same for both beams. Then
the EB beam equation reads as
EIw′′′′ = q (13)
and for Gao beam we have
EIw′′′′ − Eα(w′)2w′′ = (1− ν2)q. (14)
It is obvious that the final vertical load for Gao beam is smaller than for EB
beam, because (1− ν2) < 1. Dividing the last equation by (1 − ν2) we get
the both beams under the same applied vertical load
E˜Iw′′′′ − E˜α(w′)2w′′ = q, (15)
where E˜ := E/(1 − ν2). It is clear that the Gao beam is tougher than EB
beam because E˜ > E.
This fact was confirmed also by means of computational experiments
(see e.g. [3], [4]). The following simple example can be analysed without
computations. Let the beam with simple support at both ends be given and
let q(x) = const < 0 for all x ∈ [0, L]. The equation (14) can be rearranged
using definition of α this way
EIw′′′′ = (1− ν2)
[
q + 3hbE (w′)2w′′
]
. (16)
The given q implies evidently convex shape of w(x), hence w′′(x) > 0 for
all x and therefore q˜(x) := q + 3hbE ((w′)2w′′)(x) causes less bending (in
the negative y-direction) than q. And moreover, the loading (1− ν2) q˜(x) is
once again smaller than the original loading q. All this implies that bending
which can be obtained from (13) must be greater (in absolute values) than
bending defined by (14).
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Secondly, let us consider pure buckling problem, i.e. q = 0, and let P be
the same for both beams. Then we have for EB beam
EIw′′′′ + P w′′ = 0 (17)
and for Gao beam
EIw′′′′ − Eα(w′)2w′′ + (1 + ν)(1− ν2)P w′′ = 0. (18)
Now the idea is similar as in the pure bending problem. To have both beam
under the equal axial load we can divide the last equation by (1+ ν)(1− ν2)
and get
E¯Iw′′′′ − E¯α(w′)2w′′ + P w′′ = 0, (19)
where
E¯ :=
E
(1 + ν)(1− ν2)
. (20)
For any value ν ∈ (0, 0.5] we have (1+ ν)(1− ν2) > 1. Hence E¯ < E which
in fact means that now the Gao beam is softer than EB beam.
Another inconvenience caused by the coefficient (1 + ν)(1 − ν2) is con-
nected with buckling load values. For EB beam it is well known that this
value can be expressed as
PEBcr = min
v∈V
∫
L
0
EI (v′′)2dx∫
L
0
(v′)2dx
, (21)
where V denotes a space of kinematically admissible deflections. But con-
vexity bound for Gao beam is in some sense connected with the value
P = min
v∈V
∫
L
0
EI (v′′)2dx∫
L
0
(1 + ν)(1− ν2) (v′)2dx
, (22)
see [3], [4], and it is evident that PEBcr > P , while for tougher beam this fact
is the opposite of what one would expect.
In conclusion, with settings of the integral constant C from (7) in a form
(9), (10) presented in [1], [2], pure bending problems demonstrate that Gao
beam is tougher than EB beam but in pure buckling problems the situation
is exactly contrary, which is not consistent. In our opinion, the solution of
this inconsistency is to set the integral constant C in the form
C = −
P (1− ν2)
2hbE (1 + ν)
, (23)
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which leads to the Gao beam equation
EIw′′′′ − Eα(w′)2w′′ + (1− ν2)P w′′ = (1− ν2)q. (24)
Now in pure buckling problem for equation (24) after dividing by (1 − ν2)
we get
E˜Iw′′′′ − E˜α(w′)2w′′ + P w′′ = 0, (25)
which means that the Gao beam is tougher than EB beam also in this case.
As a consequence it is now possible to obtain the following inequality for
critical (or limit) values of axial load for Gao and EB beam: PGcr > P
EB
cr .
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